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Overview

Inverting a Chessboard

My avatar is the image of a mapping.
We will take a good look at inversion in a circle – a geometric
transformation of the plane.



Constructing Four Kissing Circles – a GeoGebra challenge
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“The Kiss Precise”

For pairs of lips to kiss maybe
Involves no trigonometry.
This not so when four circles kiss
Each one the other three.
To bring this off the four must be
As three in one or one in three.
If one in three, beyond a doubt
Each gets three kisses from without.
If three in one, then is that one
Thrice kissed internally.

– Frederick Soddy,
Nature, June 20, 1936



Apollonian Packings – a very cool extension of kissing circles



Apollonian Packings – Building with Inversion



Circles Everywhere



Game Plan

I Introduction (Sal and tent)
I Warmup Problems (Group work)

I Play with reflections
I Play with inversion

I Define Inversion in a Circle (Chalk talk)
I Explore Images of Lines, Circles, and Squares under Inversion

(GeoGebra mathlets)
I Look at the Inverted Chessboard and the TMC15 Logo
I Use Inversion to Construct a Descartes Configuration
I Look at how to Construct an Apollonian Packing



Warmup Problems (Using GeoGebra Mathlets)

I Color for preimage is Persian Indigo and for image is
International Orange

Explore Reflection

I Sketch a line segment that gets mapped to itself under
reflection

I Sketch a circle that gets mapped to itself under reflection

Explore Inversion

I Sketch a line segment that gets mapped to itself under
inversion

I Sketch a circle that gets mapped to itself under inversion



Off to GeoGebra Applets

Reflection and Inversion Playground

I http://tetrahedra.net/tmc15



Properties of Inversion

Points

I Points inside the circle of inversion go to points outside, points
outside go to points inside. Meanwhile, points on the circle are
fixed and, as with reflection, the transformation is its own
inverse.

Lines

I Lines that don’t pass through the center of the circle of
inversion are mapped to circles that pass through the center of
inversion.

I Lines that pass through the center of the circle of inversion are
mapped to themselves, although their points are not fixed
points.



Circles

I Circles that don’t pass through the center of the circle of
inversion are mapped to circles that don’t pass through the
center of inversion center; however, inversion does not send
centers to centers.

I Circles that pass through the center of the circle of inversion
are mapped to lines that don’t pass through the center of
inversion.

I Circles that are orthogonal to the circle of inversion are
mapped to themselves, although their points are generally not
fixed points.

Angles

I Inversion is a mapping that preserves right angles. The angle
between the tangent lines of two intersecting curves is the same
as the angle between the tangent lines of their image curves.



Take another look at Inverted Chessboard



Take another look at TMC 15 Logo



Take another look at TMC 15 Logo



Notation for Circles

I
⊙

OR is a circle centered at point O that goes through point
R. Put your compass tip on O and set the pencil on point R.

I
⊙

Or is a circle centered at point O that has a radius of length
r , where r is some positive number. Put your compass tip on
O and set the radius to r .

I
⊙

OAB is a circle centered at point O that has a radius same
length as distance between points A and B as the radius.
Note that

⊙
OR is the same as

⊙
OOR .



Constructing a Descartes Configuration and More



We are given three
radii and want to
construct four
mutually tangent
circles.

I Assume r is
the radius of
the red circle.

I Assume g is
the radius of
the green
circle.

I Assume b is
the radius of
the blue circle.

0000

Figure 1:



Start with the red circle
I Select any point R

to be the center of
the red circle.

I The red circle is⊙
Rr
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Figure 2:



G , the center of the
green circle is any point
on

⊙
Rr+g .
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Figure 3:



B, the center of the
blue circle is either
intersection of

⊙
Rr+b

and
⊙

Gg+b. Pick one.
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Figure 4:



⊙
Bb.
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Figure 5:



I It would be easier
find a circle
tangent to two
parallel lines and a
circle than it is to
find a circle
tangent to these
three circles.

I Find an inversion
circle that maps
the red and green
circles to lines.
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Figure 6:



I Recall that the
image of a circle
going through the
center of an
inversion circle is a
line.

I Use a circle
centered at the
intersection the
red and green
circles as the
inversion circle.

I The image of⊙
Rr will be a

line.
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Figure 7:



I (
⊙

Rr )′ is the line
defined by the two
intersections of the
red circle and the
inversion circle.
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Figure 8:



I (
⊙

Gg)′ is the line
defined by the two
intersecions of the
green circle and
the inversion
circle.
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Figure 9:



I Since the blue
circle is tangent to
the red and green
circles, the images
of the three circles
must also be
tangent.

I (
⊙

Bb)′ is a circle
tangent to the
parallel red and
green images.

09

Figure 10:



I Our fourth circle
will be orange,⊙

Oo.
I Our plan is to find

the image of the
orange circle,
(
⊙

Oo)′, by
constructing a
circle tangent to
the red, green, and
blue images.

I This will be some
circle centered on
the line parallel
and equidistance
to the red and
green images.
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Figure 11:



I Use the distance
(see the orange
segment length,
o’) between the
red line and the
dotted midline to
find O′, the center
of a circle below
the blue image
circle that will be
tangent to the
blue image circle
as well as the two
image lines. 11

Figure 12:



I Construct (
⊙

O′
o′),

which is (
⊙

Oo)′
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Figure 13:



I Remove the
images of the three
known preimages
(and scaffolding)
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Figure 14:



I Inverting (
⊙

Oo)′

in the inversion
circle reveals the
preimage of the
orange circle –
exactly the fourth
mutually tangent
circle.
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Figure 15:



I We’ve achieved
our original goal.

I Go back to Figures
12 and 13. What
would have
happened if
we had
constructed a
circle tangent to
the images of the
red circle, green
circle, and blue
circle, but above
the image of the
blue circle?
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Figure 16:


